In this question researchers are trying to find the most accurate model to use when
modelling a population of wolves.

Historically, a population of wolves in an area had a stable size of 200. After some years
of disruption, the population was reduced to 40 wolves. At this point, the area became a
protected space and the population began to grow again.

Researchers in the area wish to model the size of the wolf population, x, as a function of ¢,
where 1 is the time, in years, since the area became protected.

(a) Initially, the researchers consider using the logistic model

x=;h,where L, C kelR.
1+Ce

The researchers decide to let L = 200.
(i)  State the assumption being made in assuming L =200.
At t =0, the population of wolves is 40).
(i)  Find the value of C.
At =35, the population of wolves is found to have increased to 70.
(iii)  Find the value of k.

(iv) Use your model to predict the size of the wolf population in the area 10 years

after it became protected. Give your answer correct to the nearest whole number.

(b) An alternative model for population growth is called the Gompertz model. When applied

by the researchers to the wolf population, this model satisfies the differential equation

/
d"—r=w(ln| @), aclR'.
dr

L ox

(i)  Write down the value of % when x =200.
t

(ii)  Interpret your answer to part (b)(i) in context.
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Consider the function f(x)=1In(In200 - In x), where 0 < x < 200.

(iii)

(iv)

v

(vi)

(vii)

Show that £'(x) = ——

200]'
xln[
x )

Hence, use separation of variables to show that the general solution of

/
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L uxln[@ |, where 0 <x <200,
dr x )

can be written as
Inx=1n200 — 4e™™,
where A is an arbitrary positive constant.

Use the size of the wolf population at ¢ =0 to find the value of 4.
Give your answer in the form 4 =Inp, where p € Z".

Use the size of the wolf population at =5, given in part (a), to show
that @ = 0.0855, correct to three significant figures.

Use the Gompertz model to predict the size of the wolf population at = 10.
Give your answer correct to the nearest whole number.

After 10 years, the wolf population is measured and is found to be 85.

(c) Comment on the predictions made by the two models.

By tracking individual wolves, the researchers find that about 3 % of the wolf population

emigrate from the protected area each year.

They decide to adapt the Gompertz model to allow for this. The new model will satisfy the

differential equation

(d

(i)

. b N\
de ooz»zssxln(ﬂ |-0.03x.
dr x )

Use Euler’s method, with a step size of 0.5 years and an initial value of x, = 70
when ¢ =5, to find an estimate for the size of the wolf population when 7= 10.

Give your answer correct to the nearest whole number.

Comment on your answer.
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